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NOTE

A NOTE ON VARIATIONAL PRINCIPLES IN ELASTICITY
E. REISSNER

Massachusetts Institute of Technology, Cambridge 39, Massachusetts

WE ARE concerned in what follows with a class of extensions of known variational principles for boundary
value problems of the differential equations of elasticity

Oyxt Tapy+ Txz = 0, €t (1)
together with
6, = CAyfC,, Tuy = 0A4,4/07,,. etc. (2a)
or
&, = (A /0a,, Yxy = €A [01,,, etc. (2b)

In this A, and A, are given functions of the six variables ¢,, y,,, etc. or 6,. 7, etc., respectively, these variables
being defined in such a way that

€x = Uy xn VYay = ux,y+uy,x9 etc. (3)
in terms of displacement components, and
Tey = Tym €1C, 4)

Omitting for the sake of brevity a discussion of boundary conditions we have that equations (1) and (2b)
are the Euler equations of a variational equation of the form 3{F,dV = 0 where

Fl = o’xsx+rxyyxy+ U -As (5)

With €4, Y5y .+ - s Typ Ty - - - defined in accordance with (3) and (4) and with the six components of stress and the
three components of displacement being varied independently. Imposition of appropriate partial constraint
on the nine variation variables reduces the general variational equation involving F, to the minimum principles
of complementary and potential energy, respectively [1].

A more general variational equation than the one for stresses and displacements has been formulated by
Washizu [2], by changing the status of the defining equations for strains (3) into additional Euler equations
of the variational equation. Washizu’s equation is of the form 6{F, dV = 0 where

FZ = ax(sx- ux.x) + Txy(‘)‘xy - ux.y— uy‘x) + = Ad (6)

and where now the six components of strain, the six components of stress and the three components of dis-
placement are varied independently.

The principal purpose of the present note is the formulation of two variational equations in which the three
moment equilibrium equations (4) for components of stress are Euler equations of a variational principle,
rather than equations of definition. This purpose is accomplished by defining nine components of strain in terms
of three components of linear displacement and three additional components of angular displacement, as
follows

Ex = Uy &y = Uy, + @, £y = U, . —@,, ELC. (7
and by replacing the six stress—strain relations (2) by nine stress-strain relations of the form
o, = ¢B,/ce,, T, = 0B,/0¢,,. etc. (8a)
or
¢, = ¢By/do,, &,, = 0B,/01,,, etc. (8b)

It is now readily seen that the variational equation involving F, may be generalized to a variational equation
3fG, dV = 0 where

G| = 0.8+ Tyybey +Tyxbyxt - — B 9)
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with &, &,,. etc.. defined by (7) and with the nine components of stress’c,, T,,. 7,5 €tc.. and the six components
of displacement u,. w,. etc.. being varied independently.

Analogously, the variational equation involving F, may be generalized to a variational equation 6{G, dV = 0
where

GZ = Ux(l:x - ux.,\') + Txylgxy e ux.y + (L):)+ ryx(gyx - u}zx - (U:) + = Bﬂ { l0)

and where now there are altogether nine independent strain variations, nine independent stress variations and
six independent displacement variations.

Further generalizations of the variational equations involving G, and G,, so as to take account of body
forces, finite deflections. time dependence, couple stresses, etc. may be obtained by following the same pro-
cedures as with Fy and F,.

It remains to establish the form of the functions Bfe,. ¢,,. £, . . .) and Bo,, T4y, 7,5 - - .) Which corresponds
to the form of the functions A e,. 7,y .. ) and Ao, T, ...} for the case that the moment equilibrium equations
(4) are equations of definition rather than Euler equations.

In order to determine B, we take account of the fact that the stress-strain relations (8a) should be com-
patible with the Euler moment equilibrium equations. Accordingly we have the relations

CBy/Ce,,— (Byfle,, = 0, etc. (11a)

and these, as partial differential equations in the independent variables ¢, ¢,.. etc., imply that B, depends on
the variables ¢,,, &,,, etc., as a function of the sums ¢, +¢,,, etc. Since &,,+¢,, = 7, We may then identify the
function B, with the customary function A,, except that in this y,, needs to be considered explicitly as the
combination &,,+&,,, with d¢,, and J¢,, as independent variations.

In order to determine the form of B, we take account of the fact that the angular displacement quantities
w., etc., and the linear displacement quantities u,, etc., should satisfy the relations

= %(u,\xx - ux.y)- etc. (12)

In view of equation (7) this means that the stress—strain relations (8b) should be compatible with the relations
£, — &y, = 0, etc., or with

@B Jét,,~0B0T,, = 0, etc. (11b)

The partial differential equations (11b) indicate that B, must depend on the six independent variables 1,,. 7,
etc. as a function of the sums t,, +r},, etc. Accordmgly we have that B, is obtained from A, by replacing t,,.
Txzs Ty in it by I(Txy"'r)x)v f(tx'+rzx) 7(1)z+rz,)

In order to illustrate the meamng of this requirement we consider the case of a linear isotropic medium,
For this case 1,,, etc. occurs in A, in the combination

3+l +1l—0,.0,—0,0.—0,0..

A corresponding invariant term in B, is
2
Tay Ty TeeTox + Ty Ty = 050, ~ 050, — 0,0, + k[(T,, — 1) + (T, — ) +(1,, — 1))

with k an arbitrary constant.
The requirement that B, be a function of the sums 7, +1,,, etc. means that, necessarily, we must have

k=1

Possible applications of the variational equations ¢{G, dV = 0 or 6{G,dV = 0 depend on the idea that
it may be of advantage, in the approximate solution of problems by the direct methods of the calculus of varia-
tions, to satisfy moment as well as force equilibrium equations approximately only, instead of satisfying one
set exactly and the other approximately. One such application of a special form of the equation 4 JG, dV = 0
is to the derivation of approximate stress-strain relations for thin elastic shells [3]. Further considerations may
be found in [4].
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Zusammenfassung—Bekannte Variationsprinzipe der Elastizitdtstheorie fiir (1) Spannungen und Verschie-
bungen, (2) Spannungen, Forminderungen und Verschicbungen werden verallgemeinert in solcher Weise.
dass die Momentengleichgewichtsbedingungen t,, = t,,, etc., als Euler’sche Gleichungen der Variations-
prinzipe erscheinen, und nicht als Definitionsgleichungen. Anwendungen dieser Ergebnisse beruhen auf der
Idee dass es manchmal von Nutzen sein kann, bei der Aufstellung von Niherungslosungen von Randwert-
problemen, Moment und Kraftgleichgewichtsbedingungen beide nur néherungsweise zu befriedigen.

AGcTpaxT—H3BeCTHBIC NPHHIMIEBI TEOPHH YNIPYTOCTH st (1) HANPSXEHUHA M CMELIEeHHH | (2) HANPAXEHHH,
mebopmaumit M cmelenui 0606wwalOTCA Tak, 4TO6HI MOJSYYHTh YCIOBHS [l PABHOBECHA MOMEHTOB,
Tzy = Tyz H T.A., B GopMe DitnepoBa ypasHEHHs A/S BapHALMOHHLIX HPHHUMIIOB CKOpee, YeM B dopme
onpenesieHHbIX ypapHeHH#. [IpHMeHeHHe 3THX pe3y/bTATOB OCHOBAHO Ha MAEE, YTO NpPH COCTABIICHMH
OpHOAM3HTELHBIX PeIieHuH Ans npo6ieM rpaHNYHAIX 3HAYEHUR, HHOIAa BAXHEE yIOBJIETBOPHTEL TONBKO
NPHOIM3ATENBLHO YCIIOBHS DABHOBECHS H IUIS MOMEHTOB H A/ CHII.



